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Effect of a Carrier Gas on Homogeneous Condensation in a

Supersonic Nozzle

T. CeEMIELEWSKI* AND P. M. SHERMANT
Unaversity of Michigan, Ann Arbor, Mich.

The classical liquid drop theory for condensation was used in a computer solution to deter-
mine the effects of a carrier gas on homogeneous condensation. Zine was used as the con-
densing vapor with helium, argon, or xenon as carrier gas in a nominal Mach 5 nozzle. It was
found that the rate of accumulation of condensate is strongly dependent on the amount of
carrier gas and can be rapidly increased by either increasing the mass fraction of carrier gas
of low molecular weight or by decreasing the molecular weight of the carrier gas (for a given
mass fraction). It was also found that for a change in nozzle angle of a factor of two, the
area ratio at which the onset of condensation oceurred changed very little. This was also
true for a change in nozzle size (throat diameter) for a factor of two.

Nomenclature
A = nozzle area
C, = specific heat of mixture in the stagnation chamber
¢ = mass fraction of condensed liquid
J = nucleation rate
k= Boltzman’s constant
L = latent heat
7 = mass rate of flow
N4 = Advogadro’s number
p = pressure of the mixture
pp = pressure at drop surface
po = partial pressure of the vapor
pv, = saturation pressure of the vapor corresponding to 7'
Pz, = partial pressure of the vapor in the stagnation chamber
p. = partial pressure of the zinc in the expanding mixture
Po = pressure of the mixture in the stagnation chamber
r = radius of a liquid drop
¥ = critical drop radius
r’ = the integrated value of dr/dz from the saturation point
R. = universal gas constant
R* = radius of the throat of the nozzle
S = the sum in the equation for g; defined in Eq. (24)
T = the gas temperature
Tp = the temperature of the droplet
T, = saturation temperature corresponding to p»
T, = gas temperature in the stagnation chamber
% = gas velocity
z = distance downstream from the throat
Az = increment in z used in 8
y = initial mass fraction of the vapor in the stagnation
chamber
a. = thermal accomamodation coefficient of the carrier gas
ay = thermal accommodation coefficient of the vapor
8 = constant in Tolman’s equation for ¢ [Eq. (13)]
pe = molecular weight of the carrier gas
po = molecular weight of the vapor
p = total density of the mixture
pr = density of the liquid
s = surface tension
¢ = surface tension of a flat surface
6 = nozzle half angle
£ = a variable defining the point in the nozzle where a given

drop was formed
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Subscripts

i = indicates the current calculation point, z, in the nozzle

j = the integer assigned to each calculation point in the
nozzle

k = the integer of the calculation point at z — Az (ie.,
k=7¢—1)

Introduction

N a supersonic nozzle the gas or vapor undergoes an isen-
tropic expansion which results in a decrease in tempera-
ture and pressure. For most vapors, the saturation vapor
pressure decreases with temperature faster than the static
pressure does in a frozen (without phase change) isentropic
expansion. Saturated conditions are therefore approached.
In most cases, the expansion is rapid enough for the fluid to
become considerably supersaturated and to enter a non-
equilibrium state before any condensate if formed. Anal-
yses of nonequilibrium condensation have been made for
various cases and the theory has been summarized in several
review papers.!™® However, all previous results have been
confined to pure vapors or to extremely small fractions of
vapor in a carrier gas. The problem of a vapor in a carrier
gas where the two components are comparable fractions of
the flow has not been previously considered. A treatment
of the latter problem is presented here. The purpose of this
analysis is to present results showing the effects of the
quantity (mass fraction) of carrier gas and the molecular
weight of the carrier gas on the condensation of the vapor.
Although it has been under increasing attack recently,
the classical liquid drop theory was used for this study be-
cause it still seems to have the greatest success in matching
experimental data from nozzle flows.4=7 It provides a basis
for comparison with, and extrapolation of, experimental
data. It also provides in a qualitative manner prediction
of the effects of different flow parameters on the condensation
process. The theory yields a nucleation rate equation in
terms of a critical drop size so that the value of the surface
tension appears to the third power in the nucleation rate.
Although there is some disagreement on surface tension
correction for small radii, an adjustment can be made as a
function of drop size through the Tolman?® constant which was
originally related to the intermolecular distance in the liquid
drop. This modification seems to be generally regarded as
reasonable!-1 and is somewhat substantiated by experi-
ment.*7 Experimental measurements of particle size! as
well as previous studies,” were used to approximate a con-
stant (0.53 A) which appeared to be within the appropriate
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dA/dx = 2r tanf(R* + z tand) 9

These equations may be written in terms of p, g, and z, and dp/dz may be written in terms of d4/dz and dg/dz,

dp _ —(p/A)dA/dz 4 {Lp/[T(C, — gdL/dT )] — mR.T/(nud))dg/de

dz 1 — pd/(um) — pud/{mT(C, — gdL/dT )}

limits. Conditions were chosen for which some experimental
measurements were available. The solution is for flow
through a conical nozzle with the onset of condensation re-
stricted to taking place downstream of the sonic throat with
no discontinuities in pressure (shocks) present. The solu-
tion was obtained using The University of Michigan IBM
360 computer.

Analysis

The basic assumptions made for the simplified model
chosen are: 1) one-dimensional, steady, inviscid flow; 2)
no external heat transfer; 3) the gases are perfect gases;
4) the liquid drops formed have the same velocity as the
flow; 5) the liquid drops formed do not contribute to the
pressure; 6) the volume of the condensed phase is negligible
when compared to the total volume; 7) the vapor and its
condensate are uniformly distributed; 8) changes in the
entropy of mixing are neglected; 9) the heat of fusion is
neglected.

It has been shown? that the flow equations based on these
assumptions can be written

oud =1 ()
or
dp/p + du/u + dA/A = 0 2
pudu = —dp (3)
P = pl(y — 9)/po1RT @
p=pld — v)/p + 4 — 9)/pIR.T (5)
udy + C,dT — d(gL) = 0 (6)
or
w2+ C(T— To) —gL =0 @
For a conical straight walled nozzle
A = w(R* + z tand)? (8)
1.0 ’
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Fig. 1 Ratio of mass fraction of zinc condensate, g, to

initial mass fraction of zinc vapor, y, as a function of

distance downstream from the nozzle throat, x, and initial

mass fraction of zinc in helium, for constant T, = 2500 °K,

P., = 882 psia. Curves 1, 2, 3,4, 5 are fory = 1.0, 0.9, 0.7,
0.5, 0.3, respectively.

(10

The classical equation for nucleation rate derived and dis-

cussed in Ref. 12 was used for the present calculations. The

equation yields essentially the same result that other similar
classical equations (such as those derived much earlier by
Volmer, Becker, and Doering and others) yield. The as-
sumptions inherent in the use of the equations'? are the
following: 1) drops are formed by spontaneous nucleation
only; 2) only drops reaching the critical drop size can exist
and grow or effect the flow; 3) the fact that the drops have
an ordered velocity does not effect the nucleation process;
4) the drops are spherical; 5) the nucleation process is inde-
pendent of the presence of the carrier gas (Ref. 13 includes a
discussion of this); 6) thermodynamie equilibrium representa-
tion of the vapor properties with the nonequilibrium nuclea-
tion process is valid; 7) saturation pressure corresponds to
saturation pressure of a drop of infinite radius; 8) the number
of molecules of vapor is not decreased by the nucleation.
The nucleation rate, J, which describes the number of critical
size drops formed per unit volume per unit time is

_ P\t 1 2uwi|”2 <—47rm’*2
J = "‘”(kT) oz LNA P\ T %kT (11)
where the critical drop size in terms of its radius is given by?
the Thompson-Helmholtz equation,

. 20 Uy
prR.T In(po/po,)

As can be seen from Eqs. (11) and (12), J is a strong func-
tion of ¢. As indicated earlier, an adjustment of o for the
drop radius was included in the analysis. This adjustment is

12)

0%
A yy (13)

X, ¢m

Fig. 2 Ratio of mass fraction of zinc condensate, g, to

initial mass fraction of zine vapor, y, as a function of

distance downstream from the nozzle throat, x, and the

molecular weight of the carrier gas at constant T, =

2500 °K, P., = 144 psia, and y = 0.5. Curves 1, 2, 3 are for

molecular weights of the carrier gas of 4.003, 39.95 and
131.3, respectively.
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where o, is the surface tension of a flat surface and 6 is a
constant.

The equations used for the growth of critical size drops
assume; 1) drop radius is much less than the local mean
free path; 2) there is no agglomeration of the drops; 3)
the gas mixture is composed of only pure vapor and pure
carrier gas and contains no foreign substance; 4) the growth

" rate equation is valid when used with the steady flow approxi-
mation.

The equation for the growth of drops used to determine
the effects of carrier gas was derived® from kinetic theory
analysis of the number of molecules impinging on a unit

area,
‘a2
& pLu'<27rRu) T T, (14

This includes the additional assumptions that the effect of
drop curvature on pressure may be neglected (pp = p.) and
that since drops are formed at saturation conditions, the
drop temperature equals the saturation temperature.

Having the relations for J and dr/dx the equation for g
can be obtained. Consider any point downstream from the
saturation point (i.e., the point at which the flow crosses the
saturation curve). At this location drops will be in the
process of being formed and there will be drops previously
formed and in the process of growing. If this point is labeled
z and the point at which a droplet originated is labeled £,
then the radius of any drop at point z that was formed at
point £ is given by

i = ®+ [ L (15)

where £ < 2. The mass of a drop formed at £ is

(4m/3)plr(z,8)]* (16)

The rate at which these drops were formed in the interval d&
about £ is

J(§)A(§)dE 17)

Thus the mass rate of flow crossing z from the drops that
were created at £ is

(4 /3)prlr(z, &) 1T (H)A(E)dE (18)

This compared to the total rate of mass flux represents the
mass fraction of these droplets. If, however, mass flow rate
from all drops is calculated by considering the contribution
from each point £. This, when compared to 7, is the mass
fraction of condensate at point . That is

0@ = [T ol 9)

xo

where z, is some point where J = 0. Taken here to be the
saturation point.

A more convenient form of Eq. (19) is obtained by differ-
entiating it and approximating the remaining integral. Per-
forming the differentiation

d%@ = %’L {éﬂx)A(x){r*(x)}“ +

[ rapl L I@a®E) e

Noting that dr/dz is not a function of £ since it is not a fune-
tion of r but only of the particular point z, and approximating
theintegral by a sum, Eq. (20) becomes
dg _ Ampr
dx m

where r;, J;, 4;, and Az; replace r(z,£), J(£), A(§), and d§,

1 dr &
l 57 @A@r* @) + d—;;;o rﬁJfAfoj} (21
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Fig. 3 Partial pressure of zine, p,, as a function of loeal

temperature of the mixture, T, and initial mass fraction of

zine vapor, y. Curves 1, 2, 3, 4, 5 are for y = 1.0, 0.9, 0.7,

0.5, 0.3, respectively, with T, = 2500 °K, P,, = 882 psia,

Curves 6, 7, 8, 9, 10 are for y = 1.0, 0.9, 0.7, 0.5, 0.3, re-

spectively, with T, = 4000 °K and P., = 1421 psia. Curve 4
is the equilibrium saturation line for zinc vapor.

respectively, and where 7 is the number of intervals each one
corresponding to a width Ax; that the distance z — z, is
divided into.

Sinee dr/dz is not a function of r but only of z Eq. (15) can
be integrated to give

r(@,8) = r*(§) + r'i@) — r'i(§) (22)

where 7’; is the integrated value of dr/dz from the point x,
to x and r’; is the integral of dr/dx from z, to £&. In terms
of the above notation Eq. (22) is

r; = 7‘,'* + 7"; - T’j (23)

Considering just the sum in Eq. (21) and substituting for
r;, we have

?
> (A = ')A A =8 (24)
j=0"

where ¢ goes from station x, to station z and j goes from sta-
tion x, to £ If the point of interest, z, equals z, this sum
must obviously be zero. Defining S to be equal to the value
of the sum at point z, i.e., up to ¢, and S; to be the value of
the sum at x — Az, i.e., ¢ — 1 = k, then their difference is

k

8 — 8= [(rs* 4 r's — r');A;Az; —

7=0
(7‘]‘*2 + 'y — T’j)zJjAijj] -+ r ¥ A Ay (25)
or expanding the squares and rearranging
k
8 — 8p = r*J A Avs + Z X
i=0
{[(T,Zi - 7"27;) + 2(7‘j* bl 7‘,]')(7"5 —_ T’k)] JjAijj} (26)
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Fig. 4 Partial pressure of zine, p., as a function of local
temperature of the mixture, T, and the molecular weight
of the carrier gas for T, = 2500 °K, P,, = 144 psia, y = 0.5.
Curves 1, 2, 3 are for molecular weights of the carrier gas
of 4.003, 39.95, and 131.3, respectively. Curve A is the
equilibrium saturation line for zine vapor.

T, %k

or since 7’; and r'; are invariant with j

k
S = S + r*diAns 4 (0% — ') Z JiA;Ax; +

j=0

&
2(7"5 - T’k) Z (Tj* - T’j)JjAjACI?j (27)
j=0

The two summations in Eq. (27) are easy values to compute,
since they can be summed as the caleulation goes from point
to point downstream. This makes S an easy value to obtain
in a calculation since it then becomes the sum of current
values and the value it had at the last computation point.
Using the subscript notation and substituting S in Eq. (21)

dg/dx = [47rpL/m]{%J,-Am*3 -+ Sdr/dx} (28)
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Fig. 5 Ratio of local pressure of the mixtare, p, to the

pressure of the mixture in the stagnation chamber, p,,

as a function of distance downstream from the nozzle

throat, x, and the initial mass fraction of zine vapor, y,

for T, = 2500 °K and P,, = 882 psia. Curve E is for an

equilibrium saturated expansion of pure zinc vapor (y =
1.0).

progression down the nozzle while simultaneously integrating
dp/dz, dg/dx, and dr/dx. The integration routine chosen was
a fourth-order Runge-Kutta method. The -calculations,
unless otherwise noted, were for a nominal Mach 5 conical
nozzle with a 3.5° half angle, 6 em long. Zinc was the vapor
considered with helium, argon, or xenon as noncondensing
carrier gas. Accommodation coefficients were taken as unity.

Results

The primary effects of the carrier gas appear to be the re-
sult of the carrier gas acting as a sink for the latent heat
released by the condensation. That is, it acts to cool the
flow. Therefore, for a carrier gas such as helium with a very
high specific heat, the more carrier gas the faster the ac-
cumulation of condensate, once condensation has started.

dr _ (1/pwu) CRu/7poT) V2 [aups +aepe(pn/ne)*1(Ts — T)

dz L + 2a.RuTo/ s (29)

which, when integrated with respect to z, yields g at any point
in the flow. This completes the set of equations needed to
describe the flow provided »’ is simultaneously calculated by
integrating dr/dz.

In the development of the nucleation, growth rate and
mass fraction equations several physical properties were
introduced as known quantities. These are functions of
temperature and were represented as general curvefit equa-
tions to the empirical data. '

For each solution, the flow is considered expanded isen-
tropically from the throat and compared to the saturation
curve to find the saturation point. The flow is further ex-
panded calculating the amount of condensate using the
nucleation and growth rate equations. The complete set of
equations is solved for each increment Az, in a point by point

This can be seen in Fig. 1.  Figure 2 shows similar results for
constant mass fraction of carrier gas but different molecular
weights. The figures show that the vapor can be made to
condense faster by the addition of gas of a low molecular
weight. ’

An additional effect of the carrier gas results from the
change in velocity of the gas mixture before onset of con-
densation. The lower the molecular weight of the mixture at
a given point in the nozzle, the higher the velocity. There-
fore when helium is the carrier gas, a higher mass fraction of
helium means a lower residence time in the nozzle, or a faster
expansion, or delayed onset. This can be seen in Fig. 3.
Figure 4 shows the same effect for constant mass fraction of
carrier gas but different molecular weights. Figure 5 shows
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Fig. 6 Nucleation rate, J, as a function of distance down-

"stream from the nozzle throat, x, using several different

equations for particle growth rate, for T, = 2500 °K,

P, = 2500 psia, y = 0.5. Curves 1, 2, 3, 4 were obtained
using Egs. (30, 14, 31, and 29), respectively.

the same effects in the p-z plane. Changing the mass
fraction of xenon makes almost no difference in the con-
densation process since the molecular weight of xenon is not
differant enough from that of zine.

The effect of change in nozzle expansion angle was also
considered. A change in nozzle cone half-angle from 7.5° to

3.6° made almost no change in the area ratio at which onset.

occurred. This was also true for a change in nozzle size.
(The throat area, hence the scale of the expansion, was changed
by a factor of four.)

To determine the effect of the equation for the rate of
growth on the resultant solution, three other growth rate
expressions were also considered. Figure 6 shows the
nucleation rate as a function of location in the nozzle for
four different growth rate expressions. Although the equa-
tion for growth changes the conditions at which onset of
condensation oceurs, the effects of the carrier gas obtained
were qualitatively similar for any one given growth expression
employed.

The three additional expressions for growth employed
were:

dr/dx = (aups/Lpru) 2R/ wu TV T — T)  (30)
dr/dz = 1/prulu./2rR.T V2 (ps — po,) (31)

Equation (29) is the one derived by Stever! but modified
to apply to the two-component case. Equation (30) is the
latter equation with an accommodation coefficient of zero
for the carrier gas, or the one component case as originally
derived. Equation (31) is based on the kinetic theory model
used previously for Eq. (14) assuming a sticking coefficient of
one, but assuming that the drop temperature is equal to the
gas temperature, as might be expected when the vapor repre-
sents only a very small fraction of the flow. '

As can be seen from Tig. 6, the expression used for the
growth of critical drops formed has a strong effect on where
the collapse of supersaturation occurs which in turn deter-
mines the number of particles formed and the particle size.
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This suggests that with the attempts to obtain accurate ex-
pressions for the nucleation rate'#' there should be more
attention paid to work on developing correct expressions for
growth rate.

The main conclusions of the study are:

1) The higher the mass fraction of carrier gas of low
molecular weight (helium) or the lower the molecular weight
of carrier gas (at constant mass fraction), the faster is the
accumulation of condensate after onset of condensation, but
the greater is the supercooling and the smaller the particles
far downstream.

2) The area ratio at which onset occurs is not very sensi-
tive to the nozzle expansion angle (for a factor of two in
nozzle angle) or to the change in nozzle scale (for a factor
of two in nozzle scale).

3) Within the limitations of the present theory, the equa~
tion for rate of growth is easily as important as the nucleation
rate equation in determining when the collapse of super-
saturation oceurs.

It should be noted that there is an unresolved controversy
regarding corrections to the classical nucleation.*~1% The
corrected theories should yield similar relative effects of the
carrier gas on the onset of nucleation, although actual onset
points would differ for theories with different corrections.
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